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We use bivariant twisted cyclic theory to get the spectral sequences of bivariant Hochschild and 
cyclic theories of crossed products of algebras. The six-term exact sequences of periodic 
bivariant cyclic theory are obtained for certain groups acting on trees. 
1. Introduction 
Twisted cyclic (co-)homology arises in the studies of cyclic (co-)homology of 
crossed products of algebras. It involves an automorphism of the algebra and 
differs from the ordinary cyclic (co-)homology by the face and cyclic operators 
which contain the action of automorphism. This twisted theory appeared implicit- 
ly in [2,23] and in particular in [ll] as (co-)homology of r-cyclic modules. In this 
paper we develop the bivariant twisted cyclic theory of algebras and focus on its 
application to the bivariant cyclic theory of crossed products. As a consequence, 
we obtain the spectral sequences of bivariant cyclic theory of crossed products and 
the six-term exact sequences of periodic bivariant cyclic theory for certain groups 
acting on trees. 
This paper is arranged as follows. In Section 2 we use twisted double complexes 
to define the bivariant twisted cyclic theory of algebras with automorphisms. 
These twisted double complexes are different from usual ones by the following: 
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(1) the sizes of double complexes depend on the order of the automorphism, (2) 
the face operator dj{ and cyclic operator t,, arc related to the automorphism. t,, no 
longer satisfies t:: + ’ = Id. Although there are these differences, the twisted double 
complexes fit quite well in the general frame of usual double complexes [ 17.201. 
We can adapt the definition of Jones and Kassel’s bivariant cyclic theory to the 
twisted case. Since the nice properties of the face and cyclic operators are crucial 
to derive the main results of bivariant cyclic theory. such as product operation and 
excision property and so on. we have to check these results for bivariant twisted 
cyclic theory. For the proof of the main theorems, we verify in Section 3 the 
excision property of bivariant twisted cyclic theory by modifying Wodzicki’s 
method in the ordinary case [31,32]. We have not yet worked out all the 
properties of bivariant twisted cyclic theory. In particular, we do not know the 
Chern character from certain ‘twisted K-theory’ to the twisted cyclic theory. even 
though there is a notion ‘twisted K-theory’ available [ 131. In Section 4 we USC the 
bivariant twisted cyclic theory to obtain the spectral sequences of bivariant cyclic 
theory of crossed products. which generalize that of Brylinski (21 and Feigin and 
Tsygan [ll] for cyclic homology. The spectral scquenccs would enable us to 
analyze the bivariant cyclic theory of crossed products by the information of much 
easier bivariant twisted theory; for instance. see [ 12,301 for the spectral sequence 
method in the computation of cyclic homology and K-theory. Finally we apply the 
twisted theory in Section 5 to the crossed products by discrete groups acting on 
trees and get the six-term exact sequences of periodic bivariant cyclic theory. Our 
results can also be considered as the generalization of those in [23] to the 
nonunital and bivariant cases. After completing this paper. we got the preprint 
[24]. The twisted modules here are called quasi-cyclic modules in [24]. Through- 
out we work with the discrete case. i.e., without concern with topology on 
algebras. The continuous cast is postponed to the subsequent paper [16]. The 
discussion here also motivated us to consider equivariant cyclic (co-)homology 
[14, 151, which is related to the Novikov conjecture [8, 9, 19. 281. 
2. Twisted cyclic theory 
Throughout WC assume that K is a field of characteristic zero and all K-algebras 
are associative. We begin with two basic examples of K-modules. 
Example 1. Let .~d be a K-algebra with an automorphism LY E Aut(.$). Define 
&,((y) = 91x(“+ I’, n 1) 0 and face and cyclic operators d:, : .d!, (a)+ d:,_ , (a) and 
t,, : ,& (a)+ A@, (a) by 
(U,,N(0,), (11.. , a,,) 1 i = 0 , 
d:,(a,,. a,, . u,,) = 
I 
(%T . . . , (!,a,+, , . . > a,,) 9 l<i5n-1. (1) 
( O,,N,,, (1,. . u,,_,) . i = rz . 
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and 
t,,(a,,, a, 3. . 1 4,) = (%3 a- ‘@,A a,, . . ?a,,~~,). (2) 
One can directly check the following identities: 
d’ d’ z d’(‘d’ 
I, 1 II ,I I ,I 1 i<j, (3) 
(4) 
t 
,I+ I II + I 
=cY ‘, i.e., t,, (a,,,~,,... ,a,,>=(~~~‘(q,), a ‘(q), . , ck %J). <d (a>, 
;I,, t,,}z=,, will be called a twisted cyclic K-module, the primary object of study in 
this paper. If ~4 is unital with the identity 1, and cy(1) = 1, then define 
s:, : &!(Q)+ ~!+,(4 by 
$,(q,, u,. . . , U,,)=(u,,....,u,.l.U,+ ,,..., U,,). OSi5n. 
One has 
s:,+,s,; = s,;;:s:, . iij, (3 
i<j, 
i=j. i=;+1, (6) 
i>j+l, 
and 
1 t 
I- I 
s:,t,, = 
:+A ’ i<iSn, 
t,+,s:: 1 i = 0 . 
(7) 
<.& (a>, d:,, s:,, t,,}z_,, will be called a unital twisted cyclic module. Thus, when 
CY =Id and 1 E&, {So,, d:,, s:,, t,,}z=,, is exactly a unital cyclic module [6]. 
Example 2. Let G be a discrete group. Fix g E G. Let K[G]:,(g) = K[G]@‘““‘. a 
K-module generated by all symbols [g,,, g,, . , ,g,,], g, E G. Define the face, 
degeneracy and cyclic operators d:,, s,, and t,, by 
d:,[g,,, g,. , g,,l = [so,. . 3 it?. . . g,,] 1 05iSn. (8) 
$,[g,,,g I,.... g,,]=[g, ,1... ,g,7g,,...g,,l, osisn, (9) 
t,, [ &I 3 g, 3 . 1 &I = k’g,,, g,,, . . - g,,- ,I (10) 
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Here g, means that the element g, is omitted. Then d:,, s:, and t,, satisfy the 
relations (3). (4) and (5)-(7) and t::” = g, i.e., 
t::+‘Lg,,, g .. . 1 EL,1 = WS,,~ g-k,, . ” ) s-ktl~ 
W[Gl!,, d:,, s:,, t,,} is also a twisted cyclic module according to the following 
definition. 
Definition 3. Let X be the category of K-modules. {X,,}t=,, C % is called a twisted 
cyclic K-module if for any n 2 0 there are d:, : X,, + X,,_, , 0 i i 5 n and 
t,, : X,, + X,, satisfying the identities (3)-(4). The cyclic operator t = {t,,} is said to 
be of finite order if there is an integer m > 0 such that t:~“‘+‘) = Id for all n 2 0. 
Otherwise, t is of infinite order. 
Let ItI denote the order of I = {t,,}. Observe that if in addition there are 
degeneracy operators s:, : X,, + X,,, , , then {X,,} is a (t(-cyclic module defined in 
[Ill. 
Given a twisted cyclic K-module X = {X,,}r_o, we can form two double 
complexes Ci’:,(X) depending on the order It( of t = {t,z}. 
Case (I): (t( <x. Define C/:/,,,(X) = X,,, m,n 2 0 with differentials 6, and S2 
[7, II, 211, 
4 (XI, ) = 
(1 - 7)(x,,), m odd, 
N(x,,) , m even , 
Wx,,) ) m even , 
-h’(x,,) , m odd , 
where as usual, b = C:‘_,,(-l)‘d:,, b’= C:I,: (-l)‘dj, and T= (-l)“t,, on X,,. But 
&, = ~~$fz+l)-r T’ on x 
I (I 
Case (II): It\ = =. Define C”’ ,,,,,,(X) = X,, for m = O,l, and 0 for m 2 2, with 
differentials 6,, i = 1,2, 
(1 - T)(x,,), m= 1. 
mfl, 
and 
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As in the ordinary cyclic case, one can check 8: = 8: = 6, & + 6,6, = 0 in both 
cases (I) and (II). This shows that the {C!‘,(X), S;} are really double complexes. 
Let S be the map defined on C!‘,(X) by deleting the first two columns in 
C.$,(X). If the element of CL/,,,(X) is written as xllq”‘, x, E X,,, then S(x,,q”) = 
x,,q”‘-2, m 2 0, where q is an indeterminate of degree 1 with q”’ = 0 for m 2 2 and 
It] = =. Clearly, S commutes with the differentials 6, and is a morphism of 
CL’.(X). Note that S is zero on CL’,(X) for It/ =m. 
Let T!+?(X) be the total complex of C!‘,(X) with differential d = 6, + 6, , 
7-1”(X) = cl3 C~j.,,(X) , p 20. 
,I + m = ,’ 
S induces a morphism on T:‘(X). T!‘(X) is then a dg-S-module in the sense of 
Jones and Kassel [17]. 
Recall that for dg-S-modules M, and N, the complex {Hom,(M,, N,), 2) is 
defined by 
Hom,JM,, N,),, = {f E Hom(M,, N,),, : V=fV 
with differential 2, 
where 
Hom(M,, N,),, = n Hom(M,, N,,,,) 1 
i 20 
and 1 fl = deg( f) = y1 for f E Hom(M,, N,),,. Then the bivariant cyclic theory of 
M, and N, is defined in [17,20] as 
HC*(M,, N,) = H-,(Hom,(M,,, N,)) . 
Since the twisted double complexes fit very well into Jones and Kassel’s machin- 
ery, we may define the bivariant twisted cyclic theory of twisted cyclic K-modules 
X and Y as 
HC,*,(X, Y) = H_,(Hom,y(T$‘(X), T!‘(Y))) . 
In particular, we give the following definition. 
Definition 4. Let & and 3’ be two K-algebras with automorphisms a and p 
respectively. The bivariant twisted cyclic theory of & and 93 is defined by 
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HC;*;,(.$ 3) = HC;&&(cy), 5%!“,(p)) 
= H_,,(Hom,s(7!:‘(&g (cu)), T\:‘(%’ (p)))) . 
Here the notations are as in Example 1. 
Note that on Hom,s(T’,.‘(X), T!;‘(Y)) S acts by S(J‘) = Sf=Q and commutes 
with the differential 2. Thus S induces a morphism on bivariant twisted cyclic 
theory. 
S : HC;,,(X, Y)+ HC;;‘(X, Y) 
Let C$:,(X)[2] be the complex C!!:,(X) shifted by 2 for /t] <x and zero for 
ItI =x. Denote by Ker(S, X) the kernel of the map S : C’.:‘:,(X)+ C!$,:(X)[2]. 
Definition 5. Let ~4 and B be K-algebras with automorphisms cy and j3 rcspective- 
ly. The hivariant twisted Hochschild theory of .& and 3 is defined by 
HHi’i(&, 95’) = H_:,:(Hom(Ker(S, &‘(a)), Ker(S, 9?‘(p)))) 
The hivariant twisted period cyclic theory of .ti and .% is defined by 
provided both orders ]a) and 1 PI of cy and p are finite. 
Remark 6. (1) If both Ia/ and I@] are infinite, 
If either J(Y] or ]p] is infinite, S=O on HCEV(&. ?n). 
(2) If u and /3 are identity maps, then the bivariant twisted cyclic theory is the 
bivariant cyclic theory of algebras developed by Jones and Kassel [17,20]. 
3. Excision property 
In this section we discuss the excision property of bivariant twisted cyclic theory 
which will be used in the next sections. Wodzicki has proved that there is a long 
exact sequence of cyclic homology associated with a pure extension of algebras 
provided ~4 is H-unital [31,32]. This fundamental excision theorem is extended to 
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the bivariant case by Kassel [20] and is important in constructing the bivariant 
Chern character [20,29]. We now extend this excision theorem to the bivariant 
twisted case. To this aim, let us introduce the notion of twisted H-unitality which 
is crucial for the excision of bivariant twisted cyclic theory. 
Definition 7. A K-algebra & with automorphism (Y is called twisted H-unital if for 
any K-module V the Bar homology with coefficient V vanishes, i.e., 
H.(B.(&)@V,b’)=O, *?I, 
where B,,(,cQ) = sI@‘(‘~). n 2 1. 
Any unital K-algebra with automorphism cy is twisted H-unital if N( 1) = 1. since 
the degeneracy operators s:,: can be defined and h’s + sb’ = 1. For more examples 
see [14]. 
Recall that Cd is H-unital if H:,(B+(&) @ V, 6’) = 0 for any K-module V, where 
,I I 
b”Y% ~~I....~%)= c (-l)‘(a ,,,..., u,u,+ I’...) a,,). 
,=-I, 
An extension of algebras (11) is pure if for any K-module V. 
is an exact sequence [32] 
Proposition 8. Let (11) be an extension of K-algebras with automorphisms CY~, 
k = 1,2,3, such that the homomorphisms i and T commute with cyI,. Suppose that cyA 
are all of finite or infinite order. und ,& is both twisted H- and H-unitul. Let %’ be a 
K-ulgebru with automorphism p and ?%! be projective. 
(1) If 93 is projective, then there is a long exact sequence 
(12) 
(2) If .d is projective, then there is a long exact sequence 
Proof. The proof is divided into several steps. 
Step 1. Let K:i: = Ker{B:,:(X) A B:,:(%!)} AE3.+(&). Then the map i, in- 
duces an isomorphism in Bar homology. The proof of this fact is mainly an 
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adaptation of that of Theorem 3.1 in [32]. Without loss of generality, we can 
assume that ti sits in % and i is an inclusion. Then ti is an ideal in % and % is a 
subalgebra in 8. An element (e,, e,, . . ., e,,) E B,,(8) is in K,, iff at least one 
e, E &. Filter the complex {K,, b’} by 
FP K,, + <, = Span{(e,, . . , e,l+q )EB,,+,(%):atleastq+le,‘sE&}; 
Oc F,,K,, = B,,(&)C F,K,, C...C F,,-,K,, = K,, . 
The spectral sequence associated with this filtration converges to the homology of 
{K,, b’}. Its E,,-terms are given by 
E;,.‘, = FFiJ--+, 
,I I I’+4 
=Span{(e,,. . . ,e,,+4)EBI,+Y(~):only q + 1 e,‘sE.d} 
with the differential di,.y induced by b’. One can write elements of Eg,y in the 
following two forms: 
(I) (Q,,? r(,Iz)‘. . . 3 a(,,), $,+,J’ 
n,,k,Ez+, 25j5f, lsi<l, n,+,EN, 
(IT) (r(,,,,, aCk,)?. . . 1 qk,)3 r(,,,, ,,I, 
n,,k,EZ+, lSi,jSf, n,+,EN, 
where 
Y(,,,) = (r,,, ,_,,r,,,~,+2’...,r,,,~,+,,,)~ lsjsl+ll r,Es. 
The differential dy,,, acts on these two kinds of elements as follows. 
(I) d’:,,,(%,,, Y(,,,),“. ‘us rtn,, ,,) 
= (b’(u,k,r~T r(,,z)3.. +,), rctl,+,J 
+ i (_ ,)c: (k!+,1,4 “(u(l, ) 
, 3 r(,g. . ) b”‘(q,,), r(,l,+,)“. 4n,_,~) 
,=2 
(II) d:‘,,,(rc,,,,7 uck,)>. 1 u(~,,~ r~,~,+,)) 
= i (-1)“:‘: (“~+‘~)+“~(r(,,,), a, ,,, . . . , r(,,,), 
I-1 
G’(q,,) 3. . . 3 qk,)? %,+,,) .
To analyze {El’, *, dt *}, we use the following complexes 
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(I) For 1 EZ+ let 6, = (n,, n,,. . . ,n,,,) with ID,] = cf’: n, and I(0,) = 1, 
n,>0,2sisIandn ,+, 2 0. Let T,(O,) be the total complex of the (I + I)-tuple 
of the complexes 
where %2’r’1’[-]B,] + n,,,] is a trivial complex concentrated in dimension 
+,I + n/+1 with trivial differential, and i,(d) = {B*(d), b”‘}, B”,(&)[n,] is the 
shifted complex of k?,(d) by n,, i.e., B”,(&)[n,] = B,,_,,Z(,cil) with differential 
d,, = (-1)“6’. 
(II) Similarly, let QZ=(n,,nz ,..., n,+,),nj>O, lsisl,n,+, ~0. Let T,(t7?) 
be the total complex of the following 
Then 
where 
F is clearly one-to-one and onto, and commutes with differentials. Hence F is an 
isomorphism of the complexes. This shows that we can express the E:,,,-terms of 
the spectral sequence as the sum of homologies of T:,(O,). The twisted H- and 
H-unitalities of ZZZ then imply that E:,, are zero for p 2 1. Thus the spectral 
sequence degenerates at the &.-terms. H,(B,(&), b’) -L ET;,, = H,(K,, 6’). 
This completes Step 1. 
Step 2. Let I?, = Ker{%i(a,)i %\(cQ)} a&!+.$((.~,) with differential b. 
Then the inclusion i, induces an isomorphism in %-homology, i.e., H,(k,, b) = 
H,(&!+(a,), b). The proof is similar to Step 1 (see also [32]). So we only indicate 
the main points. 
Note that an element (e,,, e,, . . . , e,,) E %\(a,) is in l?,, iff at least one e, E &. 
Filter the complex {l?,, b} by 
F,&,+<, = Span{(e,,, e , . . . , e,,+y) E %ity(az): at least 9 + 1 e,‘s E &}. 
The ii, -terms of the spectral sequence associated with this filtration are 
_ 0 E ,,.r, = Span{(e,j3 e, 3 . . . 3 ep+y ) E Ed,,: only 4 + 1 e,‘s E a} . 
One can write the elements of Ey: 3 in two kinds of forms (I) and (II) as in Step 1. 
and the differential 2:: I: has the same formula as for d’:;::, in Step 1. Form the 
complexes 
T:::(C:,) = the total complex of the (I + 1)-tuple , 
B:::(s/i.)~B”:i:(~~)[nl~~~~~~B,,:(.mi)[n,]~~~’~“[-~~,~-1+Y2,+,] 
and 
?,,,(Cj,) = the total complex of the (I + I)-tuple , 
B”:,(d)[t*,]@ B&q[rL@. . . 
~B,:(,~)(n,]~~in”‘1’[~le3/ - 1 +/I,+,]. 
Then 
F is defined as before and is an isomorphism of the complexes. The rest of the 
proof is clear. 
Step 3. The inclusions 
T.!(Ker(S .I. &~,.(LY ))) IL i_ , 
( TL (Kcr(Ker(S, gyi:(cyI))> Kcr(S, Y? !,:(a,)))) (14) 
and 
induce isomorphisms in homology. In fact. by Steps 1 and 2, the Five Lemma and 
the following commutative diagram, it is easy to see the assertion for the inclusion 
in (14), 
where P is the natural projection. For ItI <x. one can use the following 
commutative diagram, 
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The assertion for the inclusion in (15) then follows from the Five Lemma and the 
isomorphism of the first vertical inclusion in homology. For It( = x, two inclusions 
in (14) and (15) are equal. Step 3 is complete. 
Step 4. Let IpI<m and ICY] <cc. Since ad(S) is a surjective map on 
Hom(un. T!,(siQ$)) for any dg-S-module M and K-algebra ;rl with automorphism 
of finite order [17, Lemma 4.31, where ad(S)(S) = Sf-fs, one can obtain that 
each row in the following commutative diagram is exact 
0 0 
O- Hom,5(T:‘(!&,:(~)). r’;;:‘(@c(q))) - Horn(TI,:‘(%“?,(,!3)), T1::‘(d&,))) = 
0 
T 
2 Hom(Ti;‘(8;:(P)). 7‘9A’!I:(a,)))[2] -0 
where TL’(%c. 92::) = T!‘(Ker(C!‘,(%\)a C~‘,(%~g))). Note that the last two 
columns in (16) are exact in view of the property of 3. Hence, the first column 
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in (16) is exact by the 3 x 3-Lemma [22]. By Step 3, the inclusion 
Tk’(&!+(c~,)-% T!l,‘(Ker(%\(cy,)G 9 !+(cY~))) induces an isomorphism in 
homology. The long exact sequence (12) then follows from Lemma 4.5 (171 and 
the long exact sequence associated with the first column in (16). 
Similarly, if &? and ?A! are projective, the short exact sequence (11) splits as 
K-modules. Thus one gets easily the short exact sequence 
The long exact sequence (13) then follows from the same argument as above. 
Step 5. Let either p or (Y, be of infinite order. If 1 PI = x and ]a,1 cm, then the 
following sequence is exact 
O-+Hom(T!:‘(%?!+)), T!‘(Ker(Ker(S, %‘!+)A Ker(S, 3 $ )>>> 
-+ Hom( T!!‘(B !. ) * T”‘(Ker(S X? * 8! ))) 3 * 
--%Hom(T:‘(%‘\). T!‘(Ker(S, %i)>>)-0. 
The long exact sequence (12) follows from Step 3, Lemma 4.5 [17] and the long 
exact sequence of homology associated with the above exact sequence. 
Similarly, one can treat the other cases. The proof of Proposition 8 is 
complete. 0 
Remark 9. (1) The proof of Proposition 8 in fact implies the excision property of 
bivariant twisted Hochschild theory. This means that if we replace bivariant 
twisted cyclic theory by bivariant Hochschild theory and keep the hypothesis of 
Proposition 8, then the long exact sequences in Proposition 8 still hold. 
(2) The twisted Connes long exact sequence is 
provided & is projective and Q and ,0 are of finite order. This follows from the 
short exact sequence 
O+Horn,(T!‘(&!+.(~r)), T!‘(Bi(p)))]-2] 
--%Hom,s(Tk’(ti\(~I)), T!:‘(%\(P))) 
--f,Hom(TL’(Ker(S, &!+(a,))>, T!‘(Ker(S, s\(P))))+O. 
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4. Spectral sequences 
In this section we use the bivariant twisted cyclic theory to obtain the spectral 
sequences of bivariant cyclic theory of crossed products of algebras. These 
spectral sequence may enable us to analyze the complicated structure of crossed 
products of algebras. 
Throughout this section let a be a K-algebra and G a discrete group acting on 
& by automorphisms (Y : G+ Aut(&) such that for any g E G, (Y~( 1) = 1 if .& is 
unital. Denote by &x~ G the algebraic crossed product of ti by G, which 
consists of all finite sums C, aguR with multiplication (~,,u~,)(a,~u,J = 
%,%,(%J%,fi2 for a,,~& and g,EG. Let G,={~EH: hg=gh} and N,= 
G,/(g) be the centralizers and normalizers of g E G in G, respectively. Denote by 
(G) the set of all conjugacy classes of G and (g) the conjugacy class of g in G. 
Define Bh (&, G, (8)) to be the K-submodule of (&’ ><10 G)b generated by all 
elements ((a,,, g,J&,, g,)~...+,,, s,,>> with g,,g,..%,E(g), where 
((a,,, g,,), (a,, g, >, . , (a,, , g,,)) stands for Gus,, @ a I ug, 8. . . @ a,pgII. Clearly, the 
operators b and t in cyclic modules preserve Bb (&, G, (8)). Thus, 
B’(& G, (8)) 1s a cyclic submodule of (& ><I~ G)h for each (g) E (G). Hence, 
as cyclic module, 
(17) 
This identity provides us the information about bivariant cyclic theory as long 
as we can analyze that of Bb (S, G, (g)). W e now use the topological method in 
[2-41 and algebraic method in [ 11, 18, 231. The idea is to define a certain 
‘covering’ module Eh (&, G, (g), h) of B9 (a, G, (g)) for h E (g) such that 
G, acts on ,!? (&, G, (g), h) and as the classifying space, the map 
E’(& G, (g), hi--l Bh (&, G, (8)) factors through G, to given an iso- 
morphism 
Then we use the bivariant twisted cyclic theory to obtain the information about 
bivariant cyclic theory of Ek (&, G, ( g), h) /G,l because Eb (&, G, (g), 12) is no 
longer a cyclic module. In fact, Eh (&, G, (g), h) is a twisted cyclic module as we 
construct it below. This is the place where the twisted cyclic modules play an 
important role. 
Let h E (g). Using the notations in Section 2, we define E’ (ti, g, (g), h) 
to be the tensor product of two twisted cyclic modules &b (ah) and K[G]‘(h), 
i.e., 
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E~,(d, G, (g), h) = d@(n+‘)@l K[G]@("*" ) n z-0 ) 
4,((a,,, . . . 1 a,> @i&,> . . . I &I) 
I 
(%%(a,>, U2,‘. . T%)@J’[gl~‘~~) &I 3 i=O, 
= (a, ,,..., ~,a,+ ,,..., a,,>@[g, ,,... ,&,...,g,,], lsisn-1, 
( ~,~~,,,~,,...,~,,~,)~[g,,,...,g,,-,l, i=n, 
and 
f,,((%, a,, . ‘. ?%)@L&,, . . ) &I) 
= (a,,, 4x%>, a,, . . . 3 %Pw-‘&~ go>. . > s,,-‘I 
If we define a G,7-action on Eb (&, G, (g), h) by 
then in view of Examples 1 and 2 in Section 2, Eh (ti, G, (g), h) is a twisted 
cyclic module with t::” = h. The ‘covering’ map 7~ : E’ (~4, G, (g), h)* 
Bk (xl, G, (g)) is defined by 
It is straightforward to check that rdj, = d:,r, rt,, = t,,rr, d:,h, = h,d;, and 
t,,h, = h,t,,, h, E G,,, and that r factors through G,, to give an isomorphism from 
E’(J& G, (g), h)iG,, onto B’(d G, (g>). 
With the above preliminary we can state the main theorem. 
Theorem 10. Let A! and G be us ubove, 3 be a K-ulgebru. Suppose that for each 
g E G .PI with automorphism CY~ is twisted H-unital. 
(1) If .& is K-projective, then 
HH”(S x<” G, 93) = n HH*(& (QG,, 3’ ) , (18) 
(K)t((;) 
HC*(zI >aU G, ,933) = n HC*@ (c~,~)iG,~, %b ) , (19) 
(K)E((;) 
where the ordinary bivuriunt Hochschild and cyclic theories HH*(.&” (a,)1 
G,, 3’ ) and HC*(~t(cu,J/G,, 93b ) are the abutments of the spectral sequences 
with E’-terms given by, respectively. 
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EC;.Y(d(as), 3) = H"(G,; HC’(&’ (a,), %I4 )) 
+HC”+‘(d’ (Q~)IG,~, 3’ ) , 
23Y 
W) 
(21) 
provided ord( g) < x, und if ord( g) = x, 
(2) If B is K-projective, then the results similar to purt (I) hold for 
HH*(%‘, .s4 ><ln G) and HC*(% & >acY G). 
Remark 11. This theorem is the generalization to the bivariant case of that in 
[ll]. In [ll] the &-terms of homology spectral sequence is written as hyper- 
homology of the normalizers N, with coefficients in twisted cyclic homology for 
any g E G. Here we express the E’-terms of the spectral sequences in terms of 
hyperhomology of the centralizers G, with coefficients in twisted cyclic theory 
only for g E G with ord( g) < x, since there is no general relation between Cannes 
and Jones-Kassel bivariant cyclic theories [6, 171 available at the moment. See 
[17] for the relation about negative cyclic homology. Let us point out that the 
spectral sequences were derived in [23] only for the identity element of G. 
The proof of the theorem consists of several lemmas 
Lemma 12. Let G’ C G be a subgroup such that h E G’, and let (h)’ be the 
conjugacy class of h in G’. Then with the assumptions of Theorem 10, 
(1) the inclusion i, : Eb (&!, G’, (h)‘, h)iG~,-+ Et (d, G, (g), h)iGj, induces 
isomorphisms in Hochschild and cyclic homologies; 
(2) the projection P, : Eb (&, G’, (h)‘, h)lG;l+ ~4’(cx,,)/G~, induced by P, 
P((% “, 1 . .~~,,>~[go...~~g,,l)=(~,,,~,,...,a,,), 
gives isomorphisms in Hochschild and cyclic homologies. 
Proof. When & is unital, this lemma is proved in [ll, 231. We include a proof 
here for the nonunital case by using the excision property in Section 3. 
240 D. Gong 
Let &z + be the algebra obtained by adjoining an identity to ~4. G acts on ti + by 
g(a, A) = (ga, A). Consider the commutative diagram 
0-P (Gz’, K)- E” (d’, G', (h)‘, h)y+Eh (K, G’, (h)‘, /z-O 
I 1’ f I 1’. I I’ 1 
0-Ker((& +)b G Kb ) ------(~+)‘i (a,,) Tr1( > I? (a,,)- 0 
where 
I?(&++, K) = Ker(E’(.&‘, G’, (h)‘, h)i E’ (K, G’, (h)‘, h)) 
The second and third vertical maps P, induce isomorphisms in Bar and X- 
homologies by the results for the unital case. Since each row is exact, the Five 
Lemma and the long exact sequences of Bar and %-homologies show that the first 
vertical map P, also induces isomorphisms in Bar and X-homologies. In the 
following commutative diagram 
,$(.d,G’,(h)‘,h)’ ‘* ,Ker(E~(~+.G’,(h)‘,h)~Eh(K,G’,(h)’.h)) 
I I’. 
-f Ker((A ‘)’ “-L, I8 ) 
the inclusion i, induces isomorphisms in Bar and X-homologies by the excision 
property in Section 3, and the second vertical map P, gives isomorphisms in Bar 
and Z-homologies as shown above. Hence, the first vertical map P, induces 
isomorphisms in Bar and X-homologies. The exactly same argument shows that 
P,:E~(~,G,(g),h)~~ii(ah) 1 a so induces isomorphisms in Bar and X- 
homologies. Now using the spectral sequences for Bar and X-homologies [23] 
and the mapping theorem [22], one concludes that Eq (d, G’, (h)‘, h)/GL, 
Eh (cd, G, (g), h)/GL and tih ((Y~)/G~, have isomorphic Bar and X-homologies. 
To prove the lemma, we now use the following commutative diagram 
h 0-d ( * a/, )iG;, ‘T,WW, dh (cG)/G:,))- 
I’* 
-B,(E h (d, G’, (h)‘, h)/G;)-0 
I I* 
r ii 
- B,(b (d, G. (g), h)iG;) -0 
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Each row is exact and the maps in the first and third columns induce iso- 
morphisms in Bar and 5Y-homologies. The Five Lemma then shows that the maps 
in the middle column induce isomorphisms in Hochschild homology. One may 
now conclude by using the Connes long exact sequence that the maps P, and i, 
induce also isomorphisms in cyclic homology. The proof is complete. 0 
Lemma 13. With the assumptions of Theorem 10, 
Similar results hold for HH*(93, & ><l‘Y G) with the product replaced by the direct 
sum. 
Proof. Using the notation Ker(S, X) = Ker(T,(X)L T,(X)[2]) as in Section 
2, one has by (17) and the definition of bivariant Hochschild theory, 
HH*(& ><iu G, 93) 
= H_,(Hom(Ker(S, (a x, G)h ), Ker(S, 91h ))) 
=H* L rI Hom(Ker(S, B’ (4 G, ( g)>>, Ker(S, 3’ >>> 
(R)t(G) 
= ;,)G,) fL,(Hom(Ker(S, E’(4 G, (g>, h)lG,,), Ker(S, 3’ >>> 
= n HH*@ (4 G> (g>, h)/G,,, 3’ >. 
(#T)E(G) 
This verifies the first isomorphism in the lemma. To show the second iso- 
morphism, let us note by Lemma 12 that the projection 
,)? (a, G, (g), h)iG,A J&%)/G,, 
induces an isomorphism in Hochschild homology. Thus by Lemma 4.5 in [17], 
n HH*Wk)/G,, 3’) 
(,?)E(G‘) 
= n H_,(Hom(Ker(S, ti\((~~)/G/,), Ker(S, 3’ ))) 
(K)E(G) 
= (,)Qo, H_,(Hom(Ker(S, E’ (J& G, (g>, h)lG,,), Ker(& 3’ ))) 
= HH*(& >au G, 93). 
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The same argument shows that the similar results hold if we replace 
HH*(& >a<? G, 93) by HH*(%, ~4 XI<? G) and the product n,,,,,,;, by the direct 
sum @ (RjE((;j. The proof is complete. 0 
Lemma 14. Under the assumptions of Theorem 10, 
HC*(&xXILYG,%)= n HC*(Eti(&,G,(g),h)/G,,,B3’) 
(fi)=((;) 
= n HC*(.& (a,,)/G,,, Bk ) . 
(n)E(c;) 
Similar results hold for HC*(B, JA! >acx G) with the product replaced by the direct 
sum. 0 
The proof of this lemma is the same as that of Lemma 13. So we omit the 
details. 
Lemma 15. The hypotheses are the same as in Theorem 10. 
(1) For each gE G, HH*(&‘:(cu,)iG,, !Bk ) is the abutment of the spectral 
sequence with E’-terms 
EHf.Y(~(~,), 3)) = H”(G,; HH”(.& (a,), %Ik )) 
+HH”+“(.& ((Y,)/G,, %b ) 
for ord( g) < m, and for ord( g) = X, 
EH;‘“(&+ 6%) = H”(iV,; HH“(J& (I,)/, 93’ )) 
3 HH”+“(& (a,) /G,q, %I i; ) 
(2) HC*(tib (Q/G,, 3 t ) is the abutment of the spectral sequence with E’- 
terms 
EC:.4(~(~,J 3) = H’l(G,C; HC”(.&? (Q, 93’ )) 
+ HC”+“(& (a,) Eq, 94’ ) 
for ord( g) < x, and for ord( g) = SC, 
EC;.‘(+), 3) = H”(Ns; HC“(& (Q(g), .onk )) 
$HC”+‘(.& (Q,~)/G,~, 6Bb ). 
Similar results hold for HH”(B, .& ><I~? G) and HC”(%, s4 XJ<~ G). 
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Proof. Let G act trivially on 93 and T,(!J3 ’ ). The proof consists of several steps. 
Step 1. 
= N,(Hom(Ker(S, ~4’ (LY~)@~,(;~, K), Ker(S, %‘I ))) 
= H-,(HomK,c;,l( K, Hom(Ker(S, &h (a,)), Ker(S, 91b )))) 
Consider the double complex 
Xp.4 = Horn Klc;,l($[G,l, HomOWS, tit (Q,>>, Ker(S, B4 >>L,) , 
P,4’0 3 
where I3!+ [ Gg] is the standard Bar resolution of K by K[ G,]-modules [ 11, given by 
Bj, [G,] = KIGR]@Ol+” with differential b = c:‘=,, (-l)‘dl, as in Example 2. Fil- 
tering X*‘” by rows and by columns, we get two filtrations whose spectral 
sequences converge to the cohomology of X*‘*. The El-terms of the spectral 
sequence corresponding to the filtration by rows are given by 
,I?:‘” = H”(Hom x,c,l(@[Gnl, Hom(Ker(S, db (a,>L Ker(S, 3’ I>-*>> 
Horn K,c,,(K, Hom(Ker(S, .d’ (Q,)), Ker(S, $3’ >>_*> , 
= 
p=o, 
0, p>o. 
The E’-terms of this spectral sequence are 
I 
H” (Hom,,c,l(K, Hom(Ker(S, JS?’ (a,)), Ker(S, B4 >>_,)) ,
EP‘” = p=o, 
0, p>o. 
Thus, we see that this spectral sequence degenerates at the E’-terms. On the 
other hand, the El-terms of the spectral sequence corresponding to the filtration 
by columns are 
since Ho~,~~~,J~~~[G,I~ Y> is an exact functor for Y. The E’-terms of this 
spectral sequence are 
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Hence, we have shown that for any g E G, 
EH;‘Y = W(G,, HH’(& (a,,), 3 )) 
~HH”+Y(X*,*)2HHp+q(~t((ar)lG,s, %b ) . 
Step 2. Note that by definition, for g E G with ord(g) < x, the map 
i, : T”‘(.d (a,))/G, -+ T,(dh (a,)lG,) commutes with S and induces an iso- 
morphism in homology. Lemma 4.5 [17] yields 
HC*(& (a )iG fi K’ 3’ ) 
= H_,(Hom,(T!‘(dal (a,))/G,, T,(B’ )) 
= HL(Hom,,,J K, Hom,(T!‘(d’i (a,)), T,(s’ )))) . 
As in Step 1, let X*.* be the double complex 
Both spectral sequences corresponding to the filtrations of X*.* by rows and 
columns converge to ,*(X*‘*). Using the fact that 
H”(Hom,I,r,(B~,[G,l, Hom(T!‘(d’ (~,>>, T,(B4 >>I) =0 
for p > 0 and the short exact sequence 
one obtains that the E1 and I?‘-terms of the spectral sequence corresponding to 
the filtration by rows are 
g.* = Hom.,Gr, (K, Hom,(T!‘(d’ (ay,)), T,(B’ ))) , p = 0, 
0, p>o, 
EP.C/ = ~“WO~K,G~,( K, Hom,s(T!‘(dh (ax)), T,(B’ ))>I , p = 0, 
2 
0, p>o. 
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Hence, this spectral sequence degenerates at the @-terms and 
E -2” = HY(HomKIGJ K, Homs(T!‘(d4 (a,)), T,(s’ )))) 
= HCY@Z4 (a&/G,, B4 ) 
Y ,y(jj*,*) . 
On the other hand, the i?’ and i2-terms of the spectral sequence corresponding 
to the filtration by columns are 
This proves the second part of Lemma 15 for g E G with ord(g) < x. 
If g E G is such that ord( g) = x, one has 
HC”(&’ (a,) /G,, 9~” > 
= N_,(Hom,(T!‘(d’ (aK)I(g)INR), T,(Bali ))) 
= N_,(Hom,,,JK, HomAT!@ (a,)/(g)), T,(g’ )))) . 
Then using the same argument as above, one gets the results of part (2) of 
Lemma 15. 
Step 3. We now have 
= H_,(Hom(.Ker(S, B4 ). Ker(S, SS?’ (a,)iG,))) 
= fL(HomK,,sJ( K, Hom(Ker(S, 9’ ), Ker(S, ~4~ (a,))))) . 
The same argument as in Steps 1 and 2 shows that the similar results of Parts (1) 
and (2) of Lemma 15 hold for HH*(%‘, A& (a,)lG,) and HC*(B’, xl’ (ag)IGg). 
The proof of Lemma 15 is complete. 0 
Theorem 10 follows now immediately from Lemma 12-15. •II 
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5. Six-term exact sequences for groups acting on trees 
We will show in this section the six-term exact sequences of bivariant periodic 
cyclic theory of crossed products by certain groups acting on trees, which are the 
analogue of Pimsner’s theorem for KK-theory [25]. These six-term exact se- 
quences relate the bivariant cyclic theory of the whole crossed product to that of 
crossed products by subgroups acting on vertices and edges of the tree. Thus, the 
twisted cyclic theory may provide a convenient tool to investigate this special 
case. The result here can be also considered as a generalization of that in [23] to 
the bivariant case. In [23] the group G acting on a tree W has a tree as 
fundamental domain. We get the result without this assumption. But we need 
another condition on G, which is also necessary for Theorem 2.8 [23] according to 
the proof in [23]. We do not know how to relax this condition at the moment. The 
condition we pose on G is satisfied by most groups, in particular free groups. 
Let G act on a tree W without inversion [27]. Denote by W” and W’ the sets of 
vertices and edges of W, respectively. Let W”+ be the subset of all positively 
oriented edges, and G,, (resp. G?) be the stabilizers of p E W” (resp. y E W’). 
Denote by Z the oriented graph G\W. The vertices and edges of 2 are 
C” = G\W” and 2 ’ = G\W’, respectively, with origin and terminus maps given 
by 6(Y) = o&j and i( 9) = 6) for Y E 2 ‘. Here o(y) and t(y) are the origin and 
terminus maps of W. Let us fix a lifting j of 2 to W such that 
o(j~) = uJ”“jo(y) , t( jy) = uf,m”“jf(y) , ya’, 
where u,. E G is chosen such that t(iy) = u?. jt( y), U, = uJ ’ for Y E 2 ’ and u?. = 1 
for y E T’, T’ being a fixed maximal tree of 2‘ and Y being the opposite edge of y, 
and 
(1 3 
e(y)= I 
i ’ 
if y E (-XI)+ , 
if y$Z(Z’)+ . 
Recall that the graph of groups (G, Z) is defined by G,, and G,. for p E C” and 
y E 2’ ’ with homomorphisms [27] 
given by a,,(s) = ui’gu?,, c?(g) = g. Then G is isomorphic to the fundamental 
group r(G, 2, T’) of (G, 2) by the map @ : G,,+ G such that @(g,,) = u,., and 
W is isomorphic to the tree @(G, 2, T’) via the map q defined by p( gX) = 
@( s)jx and ‘J’( gY) = @( s)jY. 
Note that o, and r? induces the homomorphisms 
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and 
+ $ HC*(93, SI x, G,,). 
/lE\” 
(25) 
To analyze (17), let us decompose ( G) into three parts ( G), , i = 1,2,3. An 
element (g) E (G) belongs to (G), if G, f’ Conj(U,,I~~ G,,) = {e}, where 
Conj( U,j,,tI G,,) = U,l,l,, {xg,,x-‘: g, E G,,, x E G} and e is the identity of G; 
(g) belongs to (G)? if G,~Conj(~,It2~~G,,)f{e} but (g)#(g,) for any 
g, E U,,& G,,; (g) is in (G), if (g) = (g,) for some g, E UpE1~~G,,. 
Remark 16. If G is a free group acting freely on the tree W, then all stabilizers 
are trivial. In this case, (G) = (G) ,, (G)? = 0, and (G), = {(e)}. Note that 
(e) E(G), iff all G,, are trivial. If some G, is not trivial, then ( G), tl (G), = 0. 
As we will see in the proof of Theorem 17, we can analyze the homology of 
L@ W, G, WI> for (8) E (G), and (G),. But it is difficult to get the 
information about the part ( G)?. For this reason we need an additional condition 
on (G)? in the following theorem. 
Theorem 17. Let ti und 9 be projective K-algebras, G a discrete group acting both 
on & by automorphism CI : G- Aut(&) and on a tree W without inversion. 
Suppose that for each g E G, & with cr# is twisted H-unital. Assume that for each 
(g> E (G)z, th e map S on T,(Bb (&, G, (8))) d m uces a nilpotent morphism in 
homology. Then there are six-term exact sequences 
and 
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where the maps CT and r are given by formulas (24) and (25). 
Proof. The proof is divided into several steps. 
Step 1. Let (g) E (G) ,, g # e. The definition of (G), shows that G, acts 
freely on W. Thus G, is a free group [27]. But g f e and g commutes with each 
element in G,. G, = Z. By Lemma 2.9 [27], the maps S on T,(Bh (d+‘, G, (g))) 
and T,(B’ (K, G, (g))) are trivial in homology. The assumptions and long exact 
sequence in Proposition 8 show that on T,(Bb (&, G, (8))) S induces a trivial 
morphism in homology. This means that 
Step 2. Let (g)E(G),. Then (g)=(g,,) for some ~EC” and g,,EG,. 
gp = x&Y -’ E G, for some x E G. Perhaps, (g) = (gl,) for another gz E G, and 
conjugacy classes (g’,,)’ # (g,)’ in (G,). In other words, g’,, = x,gpxI’ for some 
X, E G\G,,, g’,, =x,x&,x)-‘. Let C, be the subtree in W consisting of all p E W” 
and y E W’ such that g E G,, and g E G,. The uniqueness of geodesic in W 
gives the connectness of _Zg. Note that G, acts on .$ and tree ( g)\Zg is isomor- 
phic to XX. Using the construction of graph of groups, one gets Ng = 
rr,((N,, N,\X,, T;)), where the graph of groups is given by N,,.R = (G,),/(g) and 
N,. = (G,),/(g), P E Wg\Zg)(‘, YE W,\ZJ’ 
tha: the vertices (N,\XX)” 
with the lifting omitted. It is clear 
and edges (N,\Zg)’ correspond one-to-one and onto 
U pE2~,{gpEGy: (g,>=(g)> and Uyt21{g,~GI.: (g,)=(g)), respectively. 
Consider the split exact sequence of K[N,]-modules 
where C,((&/(d’>‘> and C,,((-&/(d)“) are the free groups with bases (C,/ 
( g)’ )’ and (I,/)” respectively, d(y) = t(y) - o(y) and E(X) = 1 for generators 
x and y. See [lo, 271 for the details. Since tiM (cr,) is K-projective and K[G,]‘/( g) 
is K[N,]-projective, Eh (&, G,, (g))/(g) = (~4~ (a,)@ KIG,lk )@Klc~jl K is a 
K[ N,]-projective module [ 1,5]. Hence, the following is an exact sequence of 
K-projective modules, 
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i.e. 
The K-projectivity of T,(Eh (~4, G,, (g), g)/(g))@K,N,y, K then implies that the 
above exact sequence is split. Thus, the following two sequences are exact, 
Employing 
O+Hom,(T,(X’ ), T,(Y’ )>+Hom(T,(X’ ), T,(Y’ )) 
aHom(T,(Xg ), T,(Y4 ))(2]-+0 
to each term in (28) and (29), one obtains two commutative diagrams. The 3 X 3 
Lemma [22] then shows that the following two sequences are exact 
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O+Hom,#-,(E’(& G,, (g>, g)/(g))&,~~, K, T*(9’ )) 
O--+Hom,(T,(%” >, 
+Hom,s(T,(93 ), ,,E~_~~Rjj,, i”:,(E’ (dp2, G,, (g>? g)‘(g))@K~.~;,.l K, 
+Hom,s(T:,(93)), T,(E’(d, G,, (g>> g)/(g))@KIR;SjK)-+O. (31) 
Step 3. Since T,(E’ (d, G,, (g>, g> /Cd) @K,,vxl K+ TAB’ Cd, (3, (g))) is an 
S-map and induces an isomorphism in homology, it follows from (30)-(31) and 
Lemma 4.5 ([17]) that the following sequences of bivariant cyclic theory are 
exact, 
and 
. . .+ 63 @ 
(s)t(c;)l VE(X !(K)‘)’ 
HC”(B h, Ah (a,) /c,.,,) 
s 
+ e3 @ 
(,S)E((;)? /‘E(\,‘(S))” 
HC"(%", dh (a,)iG,,,,J 
Let us now consider the parts in (32) and (33) which involve the vertices and 
edges of E,/(g). By Lemma 13, for any g E G,, t is either vertex or edge of 
2J(g), the map 
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induces isomorphisms in Hochschild and cyclic homologies. Thus the S-map 
7’,(Bh (4 G,, (g)>)+ T,(@ (4 G, (cd g>~(g)~W.s> 
induces an isomorphism in homology. This proves 
II n HC*(ti’ (cI~)/G~,.~, 9’ > 
(R)E(G‘)Z pE(l’e!(g))” 
= rI n HC*(B’ (4 G,, (g)), 3’ ) > 
(g)t(c;)l ,ltcx,i(sl)” 
n n HC*@ (QGx.R, gh) 
(,s)E(G)? kE(\’ l(K)‘)+ -h’ 
-n n HC*(B’(& G,., (g>), 3’ ) , 
(R)E(G)? ytq,/(RY)+ 
63 $ 
(R)E(G)J ,It(l,i(s)Y’ 
HC*(& dh (+G,>,,) 
-‘I @ @ 
(s)t(c;)? pa’,:(g))” 
HC*@, B’(d, G,l> (s))) 3 
and 
03 @ 
(s)E(c‘)3,tG,/(s)‘)’ 
HC*(d, dh (a,) ‘G,..,,J 
= CD @ HC*(& B’(4 G,., (s)>> . 
(S)E(G)j r.E(L ,(s)‘)+ s c 
To match up the right-hand sides above with &tl,~ HC*(& >a0 G,], 33) and so 
on, let us write down 
= fl n HC*(B~(~,G,,,(g)).~h) 
ptl” (s)E((;,,) 
=n rI HC*(B’(bd, G,j, (s,>)), 3’ ) 
(R)t((;)j (S,,)k(K)- 
(x,,)r(C,,). 
ptx” 
=n rI HC*(B’(S& G,,, (g)), 3’ ) , 
(K)E(W? ptq,:,;(n)P 
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and 
=rI rI HC*@ (4 G,, (g,)>, Sh > 
(fi)E((;)? (fi,)‘(R), 
(R,)E(L-‘,,). 
yE(c’)+ 
=n rI HC*@ (4 G,, (g)>, 3’ > ,
(K)E(G)j pE(zR/(g)‘)’ 
Here we have used the result that 
HC*(B’(& G,, (g,)), 3’ )=HC*Wh bRWR,, 3’) 
-HC*@ (QG,, %I’) 
for (g,) = (g) in (G),. S’ ‘1 rmr ar results hold for HC*(% ‘, dh ><I, G,). 
Step 4. Using the exactness of lim,,s, one obtains by Step 3 the following 
six-term exact sequence 
But Step 1 and the assumption show that 
PHC*(& ><iu G, 3) 
= hrir HC *“+*(& X~ G, 33) 
= li_rr n HC *“+“(B’(& G, (g)), 3) 
’ (‘T)E(G), 
@ lhrr n HC *“+*@(a, G, (g)), 3’ ) 
(R)E(G‘),U(G‘)Z 
= mm rI HC’“+*(B’(& G, (g)), 93’ ) . 
(fi)E((;)? 
Therefore, we obtain the first six-term exact sequence (26) in Theorem 17. 
Similarly, we have the second six-term exact sequence (27). The proof of 
Theorem 17 is complete. 0 
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Remark 18. (1) Observe that if (g) E (G)?, then g is of infinite order [lo]. 
Hence, if for each g with (g) E (G)?, NK has finite homological dimension over 
K, then S is nilpotent for ( G) z by Proposition 2.9 [23]. The condition about ( G) z 
in Theorem 17 is satisfied for this case. 
(2) As the referee pointed out, the projectivity condition on K-algebras might 
be removed. since K is assumed to be a field. 
We close this section with the following example. 
Example 19. Let G’ be a discrete group acting on a tree IV’ without inversion 
such that G’\W’ is a tree and not all stabilizers are trivial. Take G = G’ x Z. G 
acts on tree W= W’ x Z, where Z acts on Z by the shift. (W, G) has a tree as 
fundamental domain. The stabilizers of vertices and edges have the forms 
(GI x {0}), (GI x (0)). Thus, the conjugacies of stabilizers are also 
({g’Gl,(g’)-‘: g’E G’} x (0)) and ({g’Gl.(g’)-‘: g’E G’} x (0)). Let g’ be in 
some nontrivial G :, . Then ((g’, 1)) E ( G) 2. 
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